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Abstract 

Let p be an odd prime. Let K = Q(C) be the p-cyclotomic field and let Ok be 
the ring of integers of K. Let it be the prime ideal of K lying over p. An integer 
B G Ok is said singular if B 1 ^ G" K and if BOk = b p where b is an ideal of Ok- 
An integer B G Ok is said semi-primary if B = b mod ir 2 where b G Z, 6^0 mod p. 
Let a be a Q-isomorphism of the field K generating the Galois group Gal(K/Q). 
When p is irregular, there exists at least one subgroup F of order p of the class group 
of K annihilated by a polynomial a — fi with [i G F*. We prove the existence, for 
each r, of singular semi-primary integers B where BOk = b p with class C7(b) G T 
and B a ~^ G K p and we describe their -zr-adic expansion. This paper is at a strictly 
elementary level. 

1 Some definitions on cyclotomic fields 

In this section, we fix some definitions and notations and remind reader of some 
classical properties of cyclotomic fields used in the article. 

1. Let p be an odd prime. Let K = Q(C) be the p-cyclotomic number field. Let 
Ok = be the ring of integers of K. Let K + = (Q>(£ + be the maximal 
totally real subfield of K. The ring of integers of K + is Ok+ = ^[C + C ]■ Let 
us denote 0* K+ the group of units of Ok+- Let F p be the finite field with p 
elements and F* its multiplicative group. 

2. Let us denote a the ideals of Ok and CI (a) their classes in the class group of 
K. Let us denote < Cl(a) > the finite group generated by the class CI (a). 
If a G Ok then aOx is the principal ideal of Ok generated by a. The ideal 
pOk = vr p_1 where ir is the principal prime ideal (1 — Q)Ok- Let us denote 
A = C, — 1, SO 7T = XOk- 
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3. Let G = Gal(K/Q) be the Galois group of the field K. Let a be a K- 
isomorphism generating the cyclic group G. a is defined by <r(C) = Q u where u 
is a primitive root mod p. 

4. For this primitive root u mod p and i G N, let us denote = u' 1 mod p, 1 < 
Ui < p — 1. For i G Z, i < 0, this is to be understood as UivT 1 = 1 mod p. 
This notation follows the convention adopted in Ribenboim [3], last paragraph 
of page 118. This notation is largely used in the sequel of this article. 

5. Let C p , be the subgroups of exponent p of the class groups of the field K 
and K + . Then C p = C+ C~ where C~ is the relative p-class group C p /C+ . 
Let r be the rank of the groups C p . The abelian group C p is a group of order 
p r with 

(1) Cp = ©1=1^, 

where each is a cyclic groups of order p annihilated by a — in with /ij G F* . 

6. Similarly the p-unit group U = 0* K+ /0*£ + is a direct sum 

(2) u = e£- 3)/2 ^, 

where Ui =< rji > is a cyclic group of order p with ^f - ' 11 € and where 

Mi = u 2m t mod p with 1 < m ; < ^ . 

7. We say that an algebraic number C € if is sing ular if C^p g K and CO K = c p 
for some ideal c of K . If C is integer then C is called a singular integer. Observe 
that with this definition a unit is a singular integer. We say that C is singular 
primary if C is singular and C = c p mod ir p , c G Z, c ^ mod p. We say 
that the singular number C is semi-primary if C = c mod it 2 , c € Z, c ^ 
mod p. Observe that if C is primary then C is semi-primary. 

8. When p is irregular, there exists at least one subgroup T of order p of the class 
group of K annihilated by a polynomial a — p, with p, € F*. In this article 
we prove, for each T, the existence of singular semi-primary integers B where 
BOk = b p with class Cl(h) E T and B a ~ p € if p and we describe their 7r-adic 
expansion. 

2 On 7r-adic expansion of singular integers 

In this section we consider the singular integers B with BOk = b p where Cl(h) is 
annihilated by a — [i for one p € F* The singular integer B is said respectively 
negative when Cl(h) € C~ and positive when Cl(h) € Cp. Observe that fj,^ 3 " 1 '' 2 
I mod p when C7(b) € C~ and that ju^ 1 )/ 2 = 1 mod p when C7(b) G C+ 
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2.1 7r-adic expansion of singular negative integers 

At first, we give a general lemma dealing with congruences on p-powers of algebraic 
numbers of K. 

Lemma 2.1. Let a,/3 E Ok with a ^ mod ir and a = (3 mod it. Then oP = 
P p mod tt p+1 . 

Proof. Let A = (£ — 1). Then a — f3 = mod tt implies that a — ( k (3 = mod tt for 
k = 0, 1, . . . , p — 1. Therefore, for all A:, < k < p — 1, there exists dj£N, < 
flfc < p — 1, such that (a — ( k (3) = Aa^ mod 7r 2 . For another value I, < / < p—1, we 
have, in the same way, (a — C, l (3) = Xai mod tt 2 , hence (( k — (})(3 = A(a^ — a;) mod 7r 2 . 
For k ^ I we get 7^ a;, because 7r || — CO an d because hypothesis a ^ mod 7r 
implies that j3 ^ mod 7r. Therefore, there exists one and only one k such that 
(a - £*/3) = mod tt 2 . Then, we have IIj=o(a - C J '/3) = (" p - /3 P ) = mod vr p+1 . □ 

Lemma 2.2. Let b 6e an ideal of Ok such that C7(b) € C~ is annihilated by a — [i. 
There exist singular semi-primary negative integers B with BOk = b p . They verify 
the relation 

(3) (Ir - * = (=)*, «eK 

Proof. The ideal b p is principal. So let one ,8 G Z[(] with (30k = b p . There exists a 
natural number w such that the integer B = f3C, w is semi-primary. b CT ~^ is principal, 
therefore there exists a £ K such that <r(b) = h^aOK, thus there exists a natural 
number w' with 

cr(B) = B^T]C'a p , v^O* K+ , w'eZ. 

B is semi-primary, hence o~(B) is semi-primary. 7/ and oP are semi-primary, hence 
w' = 0. Then = B^rja p and by conjugation a(B) = B fl rfa p and the result 

follows. □ 

Lemma 2.3. The singular semi-primary negative integer B defined in previous lemma 
\2.S\ verifies n = U2m+i for a natural integer m, 1 < m < 2^ . // the singular num- 
ber C = = is non-primary then 7r 2m+1 || C — 1. 

Proof. 



1. C7(b) G C p , hence /U^ p 1 " 2 = — 1 mod p, thus /i = ^m+i for a natural number 
m, < m < - 
hence m/0. 



m, < m < ^2^. From Stickelberger theorem a — u does not annihilate C7(b), 
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2. The definition of C implies that C = 1 mod ir. Observe that v n (C — 1) is 
odd because CC = 1. Therefore the hypothesis C non-primary implies that 
v n (C — 1) <p — 2. There exists a natural integer v such that ir u || C — 1, hence 

C = 1 + coA 1 ' mod A" +1 , i/ < p - 2, 
Co € Z, Co ^ mod p. 

We have to prove that v < p — 2 implies that = 2m + 1: 

3. From lemma O pH it follows that a(C) = C x «j, with «i — = , and so 
that 1 + CQ/j{\y = (1 + ^lcq\ u ) x mod -k u+1 . In the other hand ol\ 

1 mod 7r and then, from lemma [2TTT a p = 1 mod 7r p+1 . Then 1 + cocr(A) Iy = 1 + 
fic X u mod A 1 '" 1 " 1 , and so <r(A") = fi\ u mod vr^ +1 . This implies that a((- l) v = 
[i\ v mod n v+l , so that (( u - If = n\ v mod vr^ 1 , so that ((A + l) u - If = 
fi\ u mod -k u+1 and finally u v \ v = fi\ u mod vr i/+1 , hence u u — ^ = mod 7r. 
Therefore, we have proved that v = 2m + 1. 

□ 

In this theorem we generalize to singular integers B the results obtained for sin- 
gular numbers C in lemma 12.21 and 12.31 

Theorem 2.4. Let B be a singular semi- primary negative integer. There exist a unit 
rj G 0* K+ given by BB = rj x (3 P , /3 G Ok, and a singular negative integer B 1 = ^— 
such that 



(5) a(B') = B'» x a' p , a' G K, 
If B' is non-primary then ■jr 2m + 1 || (B') p ~~ l — 1. 

Proo/. From lemma O we have (l) 17 ^ = ( = ) p . C7(b) G C~ implies that bb is 
principal and so that BB = r]f3 p with f3 G Ok and rj G 0^+ • Therefore 

B 2 B 2 B a 

( — = {^y-v = (= x = (- x 8 a ~ fl ) p . 

y n 1 y BB' y B a H 1 

pp 

Let us denote B' = ^L, B' G O k , v*(B') = 0. We get 

(6) o-(B') = {B'Y x a'P, a' G K. 
This relation leads to 

(7) a{B') p - 1 = (B')( p - 1 ^ mod tt p+1 . 
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If B' is non-primary then it leads in the same way than in lemma 12.31 p. [3] to the 
congruence 



7T 



2m+l 



(B'f- 1 - 1, 



which achieves the proof. □ 

Remark: If B is singular primary then rj = 1 from a theorem of Furtwangler, see 
Ribenboim [3J (6C) p. 182. 

The case \x = u^m+i with 2m + 1 > ^rr 

Let us consider the singular number C defined in lemma [23] p. [3j The number C 
can be written in the form 

C = 1 + 7 + 7 oC + 71 C + ■■■ + J P -3( Up - 3 , 

7GQ, v p (~f)>0, 7i <E Q, v p (ji)>0, i = 0,...,p-3, 

7 + 7oC + 7iC + ' ' ' + 7 P - 3 C p - 3 = mod 7r 2m+1 . 

In the theorem 12.61 p. [6l we shall compute the coefficients 7 and 7^ mod p. 

Lemma 2.5. C verifies the congruences 

- >- 3 j 
7 = — mod p, 

M- 1 

70 = -/U -1 x 7p_ 3 mod p, 

71 = ~(P~ 2 + Z^ -1 ) x 7p-3 mod p, 

7 P -4 = -(^" (p_3) H h /u -1 ) x 7p_ 3 mod p. 

Proof. We have seen in lemma l2T2l p. [3]that <r{C) = mod 7r p+1 . From 2m+l > 
we derive that 

C" = 1 + /i x (7 + 7 oC + 71C + • • • + 7 P - 3 C p - 3 ) mod vr^ 1 . 
In the other hand, we get by conjugation 

(8) a(C) = 1 + 7 + 7oC + 71 C 2 + • • • + 7 P -3C p - 2 ■ 

We have the identity 

7 P -3C Up - 2 = -7p-3 - 7 P -sC 7 P - 3 C p - 3 - 



This leads to 

a(C) = 1 + 7 - 7 P -3 - 7 P -sC + (70 - 7 P -s)C M + ■ • • + (t p -4 - 7p- 3 )C Mp - 3 - 

Therefore, from the congruence o~(C) = C M mod ir p+1 we get the congruences in the 
basis l^CV--,^- 3 , 

1 + ^7=1 + 7- 7p_ 3 mod p, 
M70 = ~7p~3 mod p, 
M7l = 7o - 7 P -3 mod p, 
/^72 = 7i - 7p-3 mod p, 

/^7 P -4 = 7 P -5 - 7 P -3 mod p, 
M7p-3 = 7 P -4 - 7p-3 mod p. 

From these congruences, we get 7 = — -^Ef mod p and 70 = — /U _1 7 P _3 mod p and 
then 71 = ^(70 - 7 P -3) = M~ 1 ( - M~ 1 7p--3 - 7p-3) = ~{^ 2 + M _1 )7p-3 mod p and 
72 = ^ 1 (7i-7p-3) = M~ 1 (-(/ i_2 +^ 1 )7p-3-7p-3) = -(/i~ 3 +/i _2 +/i _1 )7 P -3 modp 
and so on. □ 

Theorem 2.6. If 2m + 1 > ^5- £/ien C verifies the congruence 

(9) C = 1 - 5 x (C + fi~ l C + ■■■ + M -(f- 2 )^- 2 ) mod vr^ 1 , 

where 5 £ Z is coprime with p when C is non-primary. 

Proof. The result is trivial if C is primary. Suppose that C is not primary. From 
definition of C, setting C = 1 + V, we get : 

C = 1 + V, 

V = 7 + 7oC + 7lC + • • • + 7p-3C" p - 3 , 
a(V) E/<xy mod ^ p+1 . 

Then, from lemma [231 p. [SJ observing that n~( p ~ 2 ^ + ••• + /j,^ 1 = —1 mod p, we 
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obtain the relations 

M = U2 m +1, 

7 = mod p, 

At- 1 

70 = x 7p_ 3 mod p, 

71 = -(a^ 2 + A^ 1 ) x 7p-3 mod p, 

7 P _4 = -(/x _(p_3) + • • • + A^ 1 ) x 7p_ 3 mod p, 
7 P -3 = -(At _(p_2) + • • • + A 4 " 1 ) x 7p-3 mod p. 
From these relations we get 

V = - 7p _3 x (— !— + /i- x C+ (a^ 2 + At _1 )C u + • • • + (At _(p_2) + • • • + At" 1 )C p - 3 ) mod p, 
hence 

V = -7 P -3 x (— ^- + M _1 (C + (A^ 1 + 1)C + • • • + (a^ (p ~ 3) + • • • + l)O p - 3 )) mod p, 

At i 

hence 

V = -7p-3x(-^— j+fi ( _ ))mod 

hence 

l u-^c + /i~ 2 C" + • • • + A^- (p - 2) C^- 3 - C - C C""- 3 y 

y = ->- 3x( ^l +/i ( JF^-l )' 

In the other hand —( — ( u — ■ ■ ■ — Q u p-3 = 1 + £« P -2 anc [ ^-(p- 1 ) = 1 mo d p implies 
that 

I 1 + ^ + ^-2^ + . , , + -(p-2) C u p - 3 + /A -(P-D C U P - 

V = -7p-3x(^-— y+At ( ! _ 1 ))modp, 

hence 



V = -7 P - 3 x(^— )x(l-(l+^- 1 C+^ 2 C"+- • •+ /[ /-^ 2 )C p - 3 +A^ (p ~ 1) C Up - 2 )) modp, 
At - 1 



A 1 

hence 

-l 



V = -7 P _3 x (-^— -) x (C + A^C" + • • • + m -(p- 3 )C^- 3 + At _(p_2) C p - 2 ) mod p, 
At — 1 

which achieves the proof. □ 
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Remark: we have a similar result with (B') p 1 in place of C. 

2.2 7r-adic expansion of singular positive integers 

Let b be an ideal of Ok whose class C7(q) G C+ is annihilated by a — \i. In that case 
^(p- 1 )/ 2 = i moc j p anc i ^ = mod p, 1 < m < p -^-. 

Theorem 2.7. 

There exists singular semi-primary positive integers B G suc/i that: 

BO K = h p , 

(10) 

v ' a{B) = B^ x a p , a G if, 

5. If B is non-primary then 7r 2m || — 1. 

Proof. There exists semi-primary integers B' with B'Ok = b p such that 

a(B') = B'» x a p x 77, a G K, r?GO^+. 

From independent forward theorem 13.11 p. [10] dealing with unit group 0^+, the unit 
r\ verifies the relation 

V = rfrx(]\rg), «i€F p , 1 < TV < 

(11) 

a( m ) = x 0$, T) j ,p j €0* K+ , j = 2,...,N, 

where Uj ^ Vj> for 2 < j < f < N and Uj 7^ /i for j = 2, . . . , N. Let us denote 
E = 77^ and U = 11^=2 > nence V = Show that there exists V G 0* K+ of form 
V = Tif=2 rfj sucn that 

(12) a(V) x = C/- 1 xe p , e G 0^+ 

It is sufficient that 

^ x = ^ x eJ, £j G O k+ , j = 2, . . . , N, 

hence that 

= J — mod p, j = 2,...,N, 
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which is possible, because Vj j = 2, . . . , iV. Therefore, for B = B' x V, we get 
5' = W" 1 and so 

<r(B') = aiBV- 1 ) = B'Vr) = (BV^YcPr, = (BV^Y x a p x E x U, 

hence 

a{B) = B^a(V)V'^ xa p xExU. 
From relation (|12j) we get 

a{B) = B>*{U- l e p xa p xExU), 

hence we get the two simultaneous relations 

a(B) = B^ x a p x e p x E, a G K, 

(13) 

a(E) =E»x e p , e x G O k + * . 

Show that 

(14) B a -^ G K p . 

1. If E G 0*J? + , it is clear from relation (|13j) . 

2. If £ ^ 

(15) ct(.B) = B^ x a p x E, ct\ G 
hence raising (|15|) to //-power we get 

(16) = B^ x af x E", a x G if, 
and also applying a to relation ([T5]) we get 

(17) a 2 (B) = a (BY xE^xb". b G K, 
Then, gathering these two relations (I16p and fllTH we get 

(fB^B-f 2 = B^B-i", 

thus 

b (^-m) 2 = c p j c £ K. 

In the other hand I?" 41 1-1 = 1. But in the euclidean field F p [X], we have 
gcd((X p ~ l - 1), (X - fi) 2 )) = X-fx. Therefore B a ~^ = a p 3 , a 3 G K, and so 
a(B) = B» x of. 
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The end of proof is similar to the proof of previous lemma [23] p. UJ □ 

Theorem 2.8. Let B be the singular positive number defined in theorem \2. 1\ If 
m > then B verifies the congruence mod p: 

(18) BP- 1 = 1 - S x (C + n^C + ■■■ + ^-2)^-2) mo d ttP- 1 , 
where 5 G Z is coprime with p when B is non-primary 

Proof. If B is primary then it results of definition of primary numbers . If B is 
non-primary the proof is similar to theorem 12.61 proof. □ 

3 On rr-adic expansion of singular units 

Let us fix n for one of the units rji of definition relation ([2]). The singular units n 
verify rf~^ G 0*£ + . Therefore the results on singular integers B non-units of section 
[2]p. [2] can be translated mutatis mutandis to get similar results for the unit p- group 
U = 0* K+ /0% + : 

Theorem 3.1. Let m be a natural number 1 < m < m. There exists singular units 
r) G 0* K+ verifying cy{rf) = rf- x e p with fi = U2 m and e G 0* K+ . If rj is non-primary 
then vr 2m || rf~ x - 1. 

The case /i = w 2m with 2m > 

The next theorem for the p-unit group U = 0* K+ / 0*^ + is the translation of the 
similar theorem 12.61 p. [6] for the singular negative integers. 

Theorem 3.2. Let fi = U2m, P — 3 > 2m > The singular units n with 

rj a ~^ G 0* K+ verify the explicit congruence: 

(19) rf- 1 = 1 - 8 X (C + n^C + ■■■ + ^-(p- 2 )^-^) mod vr^ 1 , 
where 5 G Z is coprime with p when n is non-primary. 
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